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Abstract 

In the framework of Clifford analysis, a chain of harmonic and monogenic potentials in the 
upper half of Euclidean space R'""'"^ was constructed recently, including a higher dimensional 
analogue of the logarithmic function in the complex plane. Their distributional limits at the 
boundary R'" were also determined. In this paper the potentials and their distributional 
boundary values are calculated in dimensions 3 and 4, dimensions for which the expressions 
in general dimension break down. 

1 Introduction 

Recently, see [H [2], a generalization to Euclidean upper half-space M™^^ was constructed of the 
logarithmic function In z which is holomorphic in the upper half of the complex plane. This 
construction was carried out in the framework of Clifford analysis, where the functions under con- 
sideration take their values in the universal Clifford algebra Mo,m+i constructed over the Euclidean 
space K™"*"^ equipped with a quadratic form of signature (0,r7i + 1). The concept of a higher di- 
mensional holomorphic function, mostly called monogenic function, is expressed by means of the 
generalized Cauchy-Riemann operator D, which is a combination of the derivative with respect to 
one of the real variables, say xq, and the so-called Dirac operator d_ in the remaining real variables 
(xi, X2, . . . , Xm)- This generalized Cauchy-Riemann operator D and its Clifford algebra conjugate 
D linearize the Laplace operator, whence Clifford analysis may be seen as a refinement of harmonic 
analysis. 

The starting point for constructing a higher dimensional monogenic logarithmic function, was the 
fundamental solution of the generalized Cauchy-Riemann operator Z?, also called Cauchy kernel, 
and its relation to the Poisson kernel and its harmonic conjugate in R™^^. We then proceeded by 
induction in two directions, downstream by differentiation and upstream by primitivation, yielding 
a doubly infinite chain of monogenic, and thus harmonic, potentials. This chain mimics the well- 
known sequence of holomorphic potentials in C+ (see e.g. [TT|): 



lnz-(l + l + ... + i; 



z(lnz-l) ^ Inz A i ^ ^ . . . ^ 



z 



Identifying the boundary of upper half-space with M™ = {{xq,x) e R™+^ : xq = 0}, the distri- 
butional limits for xq — !■ 0+ of those potentials were computed. They split up into two classes of 
distributions, which are linked by the Hilbert transform, one scalar- valued, the second one Clifford 
vector-valued. They belong to two out of the four families of Clifford distributions which were 



thoroughly studied in a series of papers, see [71 [3] and the references therein. 

The general expressions for the potentials and their boundary values, as established in [Tl[2], 
break down for dimensions 3 {m — 2) and 4 (m — 3), which are particularly important with a view 
on applications. In these specific cases ad hoc calculations have to be carried out. This is the aim 
of the underlying paper, which is a valuable and useful complement to [1] [2] . To make the paper 
self-contained the basics of Clifford algebra and Clifford analysis are recalled. 



2 Basics of Clifford analysis 

Clifford analysis (see e.g. [H H]) is a function theory which offers a natural and elegant general- 
ization to higher dimension of holomorphic functions in the complex plane and refines harmonic 
analysis. Let (eg, ei, . . . , Cm) be the canonical orthonormal basis of Euclidean space R™+^ equipped 
with a quadratic form of signature (0,rn + 1). Then the non-commutative multiplication in the 
universal real Clifford algebra Mo.m+i is governed by the rule 

eaS/i + epCa = -2Saf3, Of, /3 = 0, 1, . . . , m 

whence Ro,m+i is generated additively by the elements ca — eji ■ ■ ■ e^^, where A = {ji, . . . C 
{0, . . . , to}, with < ji < j2 < • • • < jVi < ™, and 60 = 1. For an account on Clifford algebra we 
refer to e.g. [12]. 

We identify the point (xq, xi, . . . , Xm) G M™+^ with the Clifford-vector variable 

X = XqCq + xici H x^e™ = XqCq + x 

and the point (xi, . . . , Xm) G M™ with the Clifford-vector variable x. The introduction of spherical 
co-ordinates x = rw, r = \x\, luG S"^~^, gives rise to the Clifford-vector valued locally integrable 
function w, which is to be seen as the higher dimensional analogue of the signwrn-distribution on 
the real line. 

At the heart of Clifford analysis lies the so-called Dirac operator 

d = dxQeo + dx^ei-\ dx^e„i = d^oSo + d 

which squares to the negative Laplace operator: = —Am+i, while also — — A,„. The 
fundamental solution of the Dirac operator d is given by (see [HIS]) 

1 x 

E,n+l{x) = - 



1+1 

where (Tm+i = '^Jm+i^ stands for the area of the unit sphere 5™ in It thus holds 

dE^+i{x) = 5{x) 

with 5{x) the standard Dirac distribution in R'"+^. 

We also introduce the generalized Cauchy-Riemann operator 

D = ^e^9 = ^(9j;o + e^d) 

which, together with its Clifford algebra conjugate D ~ \{dxo — eod), linearizes the Laplace oper- 
ator: DD = DD = iA„i+i. 
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A continuously differentiable function F{x), defined in an open region il C M™+^ and taking 
values in the Clifford algebra Mo,m+i (or subspaces thereof), is called (left-) monogenic if it satisfies 
in n the equation DF = 0, which is equivalent with dF = 0. 

Singling out the basis vector cq, we can decompose the real Clifford algebra Mo,m+i in terms of 
the Clifford algebra Ko,m as Ro.m+i = Ko,™ © eoMo.in- Similarly we decompose the considered 
functions as 

F{xq,x) = Fi{xo,x) + e^F2{xo,x) 

where Fi and -F2 take their values in the Clifford algebra Mq.™; mimicking functions of a complex 
variable, we will call -Fi the real part and F2 the imaginary part of the function F. 



3 Harmonic and monogenic potentials in 

In this section we calculate the harmonic and monogenic potentials in upper half-space R"^, as 
defined in general in [H . 

3.1 The Cauchy kernel in 

The starting point is the Cauchy kernel of Clifford analysis, i.e. the fundamental solution of 
the generalized Cauchy-Riemann operator D, which is, up to a constant factor, the fundamental 
solution E^{x) of the Dirac operator 9, and is given by 

1 xe^ 1 xq- e^x 
C-i{xo,x) - — oiT = 73 



0-3 |a;|3 An (x^ + r2)3/2 

where we have put \x\ — r. It may be decomposed in terms of the traditional Poisson kernel 
P{xo,x) and its conjugate Q{xo,x) in M"^: 

C_i(a;o,x) = ^A^i{xo,x) + ^e^B-i{xo,x) 



xo 



27r {xl + r2)3/2 
1 X 

'2^ (a;2 +r2)3/2 



where for a;o > 0, 

A^i{xo,x) = Pixo,x) = 

B^i{xq,x) = QixQ,x) = 

Their distributional limits for xq — > 0+ are given by 
a-i{x) — lim A^i{xq,x) — S{x) 

b^i{x) = lim B-i{xo,x) - H{x) = -:^Pv4 = ^^^^^ 
xo^o+ 2tt r^ 271 r^ 

with Pv standing for the "principal value" distribution in M.'^. The distribution H{x) is the con- 
volution kernel of the Hilbert transform T-l in ffi.^ (ggg g g_ [10]). Note that T-l^ = 1 and that this 
Hilbert transform links both distributional boundary values, as expressed in the following property, 
which in fact holds regardless the dimension. 
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Property 1. One has 

(i) H[a^i]=H[S] = H *5 = H = b^i 
[ii) n[b-i]=n[H] = H^H = S = a-i 

Note also that a-i{x) = S{x) = Eq can be seen as the fundamental solution of the identity operator 
= 1, while b^i{x) = H{x) = —j^ Pv^ — Fq is the fundamental solution of the Hilbert operator 



3.2 The downstream potentials in M.^ 

The first in the sequence of so-called downstream potentials is the function C_2 defined by 

DC -I = C_2 = 1^-2 + ^^S_2 

Clearly it is monogenic in M.^, since DC-2 = DDC-i = iA„+iC_i = 0. The definition itself 
of C-2{xq,x) implies that it shows the monogenic potential (or primitive) C-i{xo,x) and the 
conjugate harmonic potentials A_i(a;o,x) and eoi?_i(a;o, x). For the notion of higher dimensional 
conjugate harmonicity in the framework of Clifford analysis we refer the reader to [5] . 

The harmonic component A-2{xo,x) may be calculated as dx„A^i or as —dB^i, and even the 
general expression is valid, leading to 

. / N 1 -2x1 ^r^ 

Similarly the harmonic component _B_2(a;o,x) may be calculated as dxoB-i or as —dA-i^ and also 
the general expression is valid, leading to 

1 3xox 
B-2{xo,x) = — 



2tt +r-2)5/2 

The distributional limits for xq — > 0+ of these harmonic potentials are given by 



a-2{x) :^\imxo^o+ A^2{xq,x) = -!- Fp^r 

2tt '^■^ 



b-2{x) ^limxo^o+ B^2ixQ,x) = -dS 
where Fp stands for the "finite part" distribution on the real r-line. 

Note that a-2{x) = —F^i, with F_i — dH the fundamental solution of the operator while 
b-2{x) — —E-i, with E-i — 86 the fundamental solution of the operator d^^ (see ^). 

Proceeding in the same manner, the sequence of downstream monogenic potentials in M™"*"^ is 
defined by 

C_fc_i = DC-k = D^C-k+i =■■■ = D^C.i, k^l,2,... 
where each monogenic potential decomposes into two conjugate harmonic potentials: 

C-k-i = ^A-k~i + ^e^B^k-i, fc = l,2,... 
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with, for k odd, say k = 2£ — 1, 



-2i 



while for k even, say k = 1i, 

r A.n-x = dllA., = -df-^dB^, = ... = d^'A., 
1 B_,e-i = dliB_, = -df-^dA_, = ... = d^'B_, 

The harmonic potentials A_i^{xq,x) are real-valued and given by 

where stands for the Gegenbauer polynomial. We have explicitly calculated A-h for the k- 
values 1, 2, 3 and 4. We obtain 



for A; = 1 



for A; = 2 



for A; = 3 



and for A; = 4 



. 11 r .„_i..a;o 1 xq 



27r 2 (x§ + r2)3/2 ^ 27r (xg + r2)3/2 



27r ■ 3-4 (a;§ + r2)5/2 ^ v 27r (xg + r2)5/2 

^ _ S' ^-^-^ .■3r^-3..^o^_ 1 6xl-9xor^ 

' 27r 4.5.6 (a;2+r2)7/2' ^ 27r (a;2 + r2)7/2 



A 1 , l-3-5-7 .4^-4..a^o^ 1 -24a;4 + 72x2r2 - 9r^ 

27r 5-6-7-8 (x2+r2)9/2* ^4 U ^ j 27r (x2+r2)9/2 

The harmonic potentials B-k{xo,x) are Clifford vector-valued and given by 

We have explicitly calculated B-k for the A;-values 1, 2, 3 and 4. We obtain 
for A; = 1 



for A; = 2 



for A: = 3 



277 (x2+r2)3/2 ^ ^ 27r (x2+r2)3/2 
13 rx .^-2/-a;ox 1 3a;ox 



27r 4 (x2 + r2)5/2 ^ W 27r (xg + r2)5/2 

1 „ 3 • 5 r2g .2 , XQ _ 1 (12.x2 - 3r2)x 
27r 5 . 6 + r2)7/2 ^ "-2 (\ ) ^^2 ^ ^2)7/2 
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and for k — 4 



B. = — 3! 



1 „. 3 • 5 • 7 



27r ■ 6-7-8 (x2+r2)9/; 



Their distributional limits for xq — > 0+ are given by 



a-2i = (-9)2^-ii7=(-l)^-i5^(2^-l)!!(2£-l)!!Fp^ 



-21 



2£-l i 



and 



-2f- 



1 = 3^^^= (-1)^-1 2^(2^ -1)!! (2^+1)!! Fp- 



.2£+2 — 



They show the following properties, in fact valid regardless the dimension. 
Property 2. One has for j,k = 1,2,... 

(ij a^k > o_fe_i > a_k-2 

(a) H [a_fc] = &-fe, "H = a-fc 
("mj a_j * a-k = a-j-k+i 



6-, * 6-fc = a_,_ 



3.3 The upstream potentials in 

Let us have a look at the so-called upstream potentials. To start with the fundamental solution of 
the Laplace operator A3 in R^, sometimes called Green's function, and here denoted by ^Ao{xo,x), 
is given by 

-Ao(xo,x) 



47r (xg + r2)5 



Its conjugate harmonic in Rl, in the sense of 0, is 



Bo{xo,x) = — ( — 



<^3 m 



Xq 



(3.1) 



where 



leading to 



It is verified that 



and 



{i + v^Y- 



■ drj = 



1 + + Vl + v"^ 



1 X 
Bo{xo,x) = 



dxoBoixo,x) = - — 



dBo{xo,x) 



2tt (a;2 + r-2)3/2 

J Xq _ 

2tt (x2+r2)3/2 " 



= Q{.Xq,x) 



-P{xo,x) 
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and also 

1 X 

lim Bo{xo,x) = — ^ bo{x) 

Note that bo{x) = ^ — —Ei, with Ei the fundamental solution of the Dirac operator d} — d. 
Green's function Aq{xo,x) itself shows the distributional limit 

lim Ao{xo,x) ^ = ao{x) 
xa^o+ Ztt r 

Note that 00(2:) = — Fi, Fi = ^ being the fundamental solution to the so-called Hilbert-Dirac 
operator = (-As)^ (see [HH]). 

It is readily seen that DAq ~ DeoBo — C_i. So Ao{xo,x) and eoBo{xo,x) are conjugate 
harmonic potentials with respect to the operator D , of the Cauchy kernel C_ 1 {xq , x) in Ri^ . Putting 
Cq{xq,x) = ^Ao{xo,x) + ^eoBQ{xo,x), it follows that also DCq{xo,x) = C-i(xo,x), which implies 
that C'o{xo,x) is a monogenic potential (or monogenic primitive) of the Cauchy kernel C-i{xo,x) 
in M^. Their distributional boundary values are intimately related, as mentioned in the following 
property, valid in general. 

Property 3. One has 

(i) —dan = b-i = H: —dbn = a_i = 5 
(a) % [ao] = &o; T-L [&o] = ao 

Remark 3.1. In the upper half 0/ the complex plane the function ln(z) is a holomorphic potential 
(or primitive) of the Cauchy kernel ^ and its real and imaginary components are the fundamental 
solution ln|z| of the Laplace operator, and its conjugate harmonic iarg(z) respectively. By sim- 
ilarity we could say that Co{xo,x) — ^Ao{xo,x) + ^'eQBQ{xo,x), being a monogenic potential of 
the Cauchy kernel C-i{xq,x) and the sum of the fundamental solution Ao{xo,x) of the Laplace 
operator and its conjugate harmonic eoBo{xo,x), is a monogenic logarithmic function in the upper 
half-space M'^. 

The construction of the sequence of upstream harmonic and monogenic potentials in M.^ is con- 
tinued as follows. 

The general expression for Ai{xo,x) established in [1 , is not valid for m = 2. By direct calculation 
we obtain 

Ai{xo,x) = In (^xq + \Jxl+ 

and it is verified that dx^Ai = yip, —d_Ai — Bq and \imx„-^Q+ A\ = — ^Inr ~ o,i(x). Note that 
= —^^'O-f — E2 is the fundamental solution of the negative Laplace operator = — A2. 

For its conjugate harmonic in M.^ we obtain 

n / N 1 xqx^ f "f" \ 1 X I X f rz r\ 

Bi{xo,x) = — - — T-T = — h^o - V^o 

for which it is verified that dx^Bi — Bq, —dBi = Aq and lim2,„_j.o+ ^1 = "577 = bi{x). 

Note that 61 (a;) = = ^17^ = F2 is the fundamental solution of the operator ^Ti (see '2;). 
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It follows that DA^i = De^B^i ~ Cq, whence Ai{xq,x) and _Bi(a::o,x) are conjugate harmonic 
potentials in M"^ of the hmction Co(a;o,x) and 

Ci{xo,x) = ]^Ai{xq,x) + ]^eQBi{xQ,x) 

is a monogenic potential in Mj^ of Cq. The above mentioned distributional boundary values show 
the following properties, valid in general. 

Property 4. 

(i) —dai ~ bo, —dbi — uq 

(ii) H [ai] = hi, H [bi] = oi 

In the next step the general expressions for A2{xq,x) and B2{xo,x) are not valid. A direct 
computation yields 



A2{xo,x) = y^J x^+r^ - xo In ^a;o + + r'- 
and it is verified that ~d_A2 ~ Bi and \mixo^o+ ^2 = = 02 (ai)- 

Note that 02(0;) = —F^, with = the fundamental solution of the operator '^'H (see ^). 

For its conjugate harmonic in ]Rj]_ we find 



B2{xo,x) = ^ []- - In ( - 

for which it is verified that —dB2 = Ai and lim:ro^o+ B2 = (— In?- + ^) = 62(21). Note that 
62(2;) = — -E3, with E3 = (^ Inr — the fundamental solution of the operator d^. 

It follows that ^ ^ 

C2ixQ,x) = -A2{xo,x) + -e^B2{xo,x) 

is a monogenic potential in M5j_ of Ci. The distributional limits show the following properties, also 
valid in general. 

Property 5. 

(i) ~da2 = bi, -db2 = ai 

(ii) H [02] = 62, "H [62] = 0-2 

Inspecting the above expressions for the harmonic potentials Ai{xq^x) and A2{xq^x) we can put 
forward a general form for the potentials Aj{xQ,x)^ j — 1, 2, . . . 

Proposition 3.1. For j = 1,2, . . . one has 



2nAj{xo,x) = Pjixo,r^) ln(xo + x^ + r^) + Qj{xo,r^) xl + + Sj{xQ,r^) 
P2k{xo,r ) ^p^^ Xq +P2fe r Xq + ■ ■ ■ + P2kr xq 
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and 



and 



Po, , — Ti^fc ^2fc , 2fe-2 2 2fc-2 J , 2k 

Q2k{x,y) = qll-'xf-' + + ' ' ' + ^-^'^'^ 

/n /- 2\ 2fe-l 2fe-l I 2/£-3 2 2fe-3 , , 1 2fc-2 

Q2k+i{xo,r ) = q^f^^^x^ +q2k+ir x„ + • • • + 92fe+i'^ a^o 

S2k{xoy) = .^rV^xf + .s^r^^xg'^-'^ + • • • + sl,r''-'xo 
S2k+^{x,y) = .^t?'''-o'="' + + ■■■ + ^Ik+ir^' 

all the coefficients p^^, P2k+i' lik' lik+i' '''2k '^"•'^ •^2A:+i ^^m^ real constants. 

Proof 

The harmonic potentials Ai{xq,x) and A2(a;oiai) computed above, fit into this general form. Now 
we will show that it is possible to determine unambiguously all the coefficients in the expression 
of ^j(xo,x) in terms of the coefficients in ylj_i(xo, x). To that end we impose on Aj{xQ,x) the 
following two conditions, in line with its definition: 

dxa{2'KAj{xQ,x)) = 27rAj_i(xo,x) 

and 

lim {2T:Aj{x{),x)) — 2Traj(x) 
In the case where j is even, say j — 2k, this leads to the equations 

a.o^2fe = P2k-1 (3.2) 
dxoS2k — S2k-1 (3.3) 

P2k + xoQ2k + {xl + r^) dxoQ2k = {xl + r^) d.^,Q2k^i (3.4) 
q'2kr"'-'+4kr"'~'^27ra2kix) (3.5) 
From p.2p all the p2fe-coefficients may be determined as 

P2k — j P2k~l 

while from p.3p all the S2fc-coefficients follow by the similar relation 

^2k ^ ^2k-l 

Then all the g2fe-coefRcients follow recursively from l\'3A\i . and equation p.Sp may be used as a 
check. 

In the case where j is odd, say j = 2fc + 1, the similar equations read 

dxoP2k+i = P2k (3.6) 

dxoS2k+l = S2k (3.7) 

-P2fe+i + xoQ2k+i + {xl + r^) dx„Q2k+i = {xl + r^) dxoQ2k (3.8) 

and 

plk+ir^" Inr + sl^+.r^'^ = 2Tra2k+i{x) (3.9) 
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From (j3.6l) all the p2fe+i~coefRcients, except P2fc+i' m^-Y be determined as 

P2k+1 ~ 

while from p.7p all the S2/c+i~coefficients, except s^fc+i' foUo'^ by the similar relation 

j _ 1 j-i 

The remaining coefficients ^2^+1 ^^'^ -^^fc+i follow from l\3.9\\ . All the g2fc+i-coefRcients then follow 
recursively from p.Sp . □ 

Remark 3.2. is obvious that solving equations i3.5\) and 13. 9\) requires the knowledge of the 
distributional boundary values aj{x),j = 1, 2, . . . There holds (see ^) 

and 

a2k+i{x) = (a2felnr + /32fe)-^r2'= {k = 0,1,2,...) 
where the coefficients a2k md j32k are defined recursively by 



a2k+2 27r 2fc + 2 



1 1 

/c = 0,l,2. 



with starting values uq = ^ and f3o = 0, leading to their closed form 



"2fc = o9t.^i_^-^9,,, and P2k - 



^ ^^Ti— 1 n 

Now by Proposition 3.1 all the upstream A j -potentials may be calculated recursively. Using the 
shorthands 



LOG = In {xo + sjxl + r2) and SQRT = + r^ 
the outcome of our calculations is the following: 

2^^3(0:0,21) = i-^xl + ^r^)LOG + ^xoSQRT-K'' 

27rAi{xQ,x) = i-^xl + ^r^xo)LOG + {^x^ - ^r^)SQRT ~ ^r^xo 

2nMxo,x) = (-^4 + Ir'xl - ^/)LOG + {^x^ - ^^r'x,)SQRT - '-r'xl + 

2.Aix.,xJ^i-±^xl+l-^r^xl-l^^^^^^ 
Note that once an upstream Aj-potential is determined, the i?^_i-potential follows readily by 

{-d)Aj{xo,x) = Bj-i{xo,x) 
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4 Harmonic and monogenic potentials in 

In this section we calculate the harmonic and monogenic potentials in upper half-space M^. Quite 
naturally the structure of this section is completely similar to the foregoing one. 



4.1 The Cauchy kernel in 

The starting point is the Cauchy kernel, i.e. the fundamental solution of the generalized Cauchy- 
Riemann operator D: 

^-x{x<y,x) - - 27r2 {xl + p^Y 

where we have put now \x\ = p. It may be decomposed in terms of the traditional Poisson kernels 
in M|: 

C-i{xo,x) = -A^i{xo,x) + -^B-i{xo,x} 
where, also mentioning the usual notations, for Xq > 0, 

A_i{Xq,X) = P{xo,x} = 

B-i{xo,x) = Q{xo,x) = 
Their distributional limits for Xq — )• 0+ are given by 



1 xo 



7r2 {xl + p^Y 

1 X 

{xl + p^Y 



o_i(x) = lim A-i{x[),x} = 5{x} 

a;o-s-0+ 

= lim B_i{xo,x) = H{x) = — ^Pv^: = --0^^"% 

Note that, as in general, both distributional boundary values are linked by the Hilbert transform 
T-L in with the above convolution kernel H{x): 

H[a-i] = H[d] = H *S = H = b_i 
H[b-i] = H[H] = H *H = 6 = a-i 

Note also that a_i(x) = S{x) = Eq can be seen as the fundamental solution of the identity operator 
^ = 1, and that — — ;;^Pv% = H{x) = Fq is the fundamental solution of the Hilbert 

operator = H. 



4.2 The downstream potentials in 

The first in the sequence of the downstream potentials is the function C-2 defined by 

DC-i = C-2 = \A-2 + \e^B-2 

Clearly it is monogenic in R^, since DC-2 = DDC-\ = jAm+iC-i = 0. The definition itself 

of C-2{xo,x) implies that it shows the monogenic potential (or primitive) C-i{xo,x) and the 
conjugate harmonic potentials A-i{xo,x) and eoB-i{xo,x). 

The harmonic component A-2{xo,x) may be calculated as d^oA-i or as —dB-i, and even the 
general expression is valid, leading to 

. , ,1 -Zxl + p^ 

A-2{X„X) = -,J^^^^ 
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Similarly the harmonic component B^2{xo,x) may be calculated as dx^B-i or as —d_A^i, and also 
the general expression is valid, leading to 



4 XqX 



7r2 (xg +p2)3 

The distributional limits for xo ^ 0+ of these harmonic potentials are given by 

^-2(2) = lima;o^o+ S_2(a;o,£) = -9(5 

Note that a_2(x) = — with F_i = 9i7 the fundamental solution of the operator while 
h-2{x) = —E-i, with E-i — 86 the fundamental solution of the operator d^^ (see [2J. 

The sequence of downstream monogenic potentials in M™^"'^ is defined, as in general dimension, 

by 

C-k-i = DC-,, = D^C-k+i =■■■ = d'^C^u A: = 1, 2, . . . 
where each monogenic potential decomposes into two conjugate harmonic potentials: 

The harmonic components A-k{xa,x) are real-valued and given by 

A-,(xo,x)-(-l) ^2 (fc + 2)(fc + 3)...(2fc + l) (x§ + p2)fe+i* 
We have explicitly calculated A^k for the fc-values 1, 2, 3 and 4. We obtain 
for fc = 1 

A 1 1 P .^-Z/2,.Xo 1 Xq 



for fc = 2 



for fc = 3 



and for fc = 4 



7r2 3(x2+p2)2 -1 y p> ^2(^2^^2)2 

A 2 2-2 p2 5/2..a;o _ 1 -3x2 + p2 

' 7r2 4 • 5 (x2 + p2)3 * ^2 ^2(a.2+p2)3 

^4 6-6 p3 .3^-7/2..a:o 1 12xg - 12xop2 

^2 5.6.7 (a;2+p2)4* ^3 U^J ^2 (x2+p2)4 



_ 8 24-24 p4 „9/2..a^o, 1 -60x^ + 120x2p2 _ I2p4 

^2 g. 7. 8.9 (^2^^2)5 ^ ^4 ^2 (x2+p2)5 

The conjugate harmonic components _B_fe(xo,x) are Clifford vector-valued and given by 
B Jt t\-( n'^ ^ 2'=-i(fc-l)!fc! pfc-^x fc-i^-fc-i. XQ 

We have explicitly calculated B^k for the fc-values 1, 2, 3 and 4. We obtain 
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for fc = 1 



for fc = 2 



for fc = 3 



and for k — A 



Bn 



2 1!2! .^-5/2^.a:o^ _ 4 a^og 



7r2 5 (a;2 + r2)3 ^ ^'p^ 7r2 (a;2 + p2)3 
4 2!3! p^x .2^-7/2f.xo. 4 (-5.t2 + p2)x 

"7r2 6-7 (x2 + r2)4 * ^2 l*^J ^2 (a;2 + p2)4 



3!4! p^x .3 9/2..a:o^ _ 24 (5xg - 3a;op2)^ 



7r2 7-8-9 (x2+r2)5 ^ ^ / ^2 (2;2+p2)5 

Their distributional limits for xq — > 0+ are given by 



-2£ 



= (-9)2«-i5 



and 



a_2f-i = S^^f^ 



1 „ 1 



^2 ^^2£+3^ 

They show the by now traditional properties (see Property 2). 
4.3 The upstream potentials in 

For the so-called upstream potentials, we start with the fundamental solution of the Laplace 
operator A4 in M^, denoted by ^Ao{xo,x), and given by 



Its conjugate harmonic in in the sense of [5], is 



where 



leading to 



It is verified that 



and 



Boixo,x) 



'2 X ^ 
0-4 p-^ \xo 



drj = — [ arctanw 



(4.1) 



Bo{xo,x) = ^^ (^arctan---^ 

1 X 



7r2 (a;^ + p2)2 

1 Xq 



dBo{xo,x)^-^^ ^2+^2 



= Qixo,x) 
P{xo,x) 
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and also 

1 X 

lim Bq{xo,x) = — ^ = ba{x) 

a:o->-0+ 47r p'^ 

Note that ho{x) — -p — -p- — —Ei, with Ei the fundamental solution of the Dirac operator 
=d. 

Green's function Aq{xq,x) itself shows the distributional limit 

lim Aq{xq,x) = --^2 \ = ao(x) 

Note that aQ{x) — —Fi, Fi = being the fundamental solution to the so-called Hilbert-Dirac 

operator = (-Aa)^ (see [21 [8]). 

It is readily seen that DA^ = DboBq = C_i. So Ao{xo,x) and eQBo{xo,x) are conjugate 
harmonic potentials (or primitives), with respect to the operator D, of the Cauchy kernel C'-i{xo, x) 
in . Putting Co (a;o ,x) = ^Ao{xo,x)+ ^e^Bo {xo,x),it follows that also DCq {xq ,x) = C_ i (xq , x) , 
which implies that Co {xq , x) is a monogenic potential (or primitive) of the Cauchy kernel C_ i{xo,x) 
in ]R5j_ . Their distributional boundary values are intimately related, as shown in the similar Property 
3. 

Remark 4.1. As in any dimension we could again say that Co{xo,x) = ^AQ{xQ,x) + '^'eQBQ{xo,x), 
being a monogenic potential of the Cauchy kernel C_i(xo,x) and the sum of the fundamental 
solution Aq(xo,x) of the Laplace operator and its conjugate harmonic eoBQ{xo,x), is a monogenic 
logarithmic function in the upper half-space K^. 

The construction of the sequence of upstream harmonic and monogenic potentials in is con- 
tinued as follows. 

The general expression for Ai{xo,x), established in 1 , remains valid for m ~ 3: 

.,,11 p 
Ai(Xq,x) — — - — arctan — 
27r^ p Xq 

and it is verified that dx„Ai — Aq, —dAi — Bq and limx(,^o+ — 3^ p = aife)- Note that 
this distributional boundary value ai{x) — E2 is the fundamental solution of the negative Laplace 
operator — — A3. 

For its conjugate harmonic in we obtain by direct calculation 

Bi(a;o,x) = -i^ (— arctan— -1 
27r^ \ p Xq 



for which it is verified that dxoBi — Bq, —dBi = Aq and lima;o^o+ Bi ~ ^2^p^ ~ bi{x). Note 
1 ^ 

' 27r^ p 



that bi{x) = —9^= = F2 is the fundamental solution of the operator (see ^2^). 



It follows that DA-i — DcqB^i = Co, whence Ai{xq,x) and i?i(xo,x) are conjugate harmonic 
potentials in of the function Cq{xq,x) and 

Ci{xq,x) = ]^Ai{xo,x) + ]^Bi{xa,x) 

is a monogenic potential in M'^ of Co. The above mentioned distributional boundary values show 
properties similar to those of Property 4. 
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In the next step the general expressions for ^2(2^01 21) is not vahd. A direct computation yields 
A2 [xq , x) = -i^r ( — arctan — + In J x?. + 



and it is verified that —8/^-2 — Bi and lini2;n^o+ ^2 — "^^"^P ~ o.2{x)- Note that a2{x) = —F3, 
F3 = ~2^ being the fundamental solution of the operator (see |2]). 
For its conjugate harmonic in we find 

_ , , 1/^/9 9n P xxq \ 

B2{xo,x) = — — xg + p^ arctan 

Att"^ \p-^ xo p^ J 

for which it is verified that dxoB2 = Bi, — 9i?2 = ^1 and limj.,-|^o+ ^2 = ^ ^ = b2{x). Note that 
62(21) — with i?3 the fundamental solution oi . 

It follows that ^ ^ 

C2(a;o,^) = 2 "^2(2^0, 2) + ■^eQB2{xQ,x) 

is a monogenic potential in Mi|_ of Ci. The distributional limits show the properties similar to 
those of Property 5. 

Inspecting the above expressions for the harmonic potentials Ai{xo,x) and A2{xq,x) we can put 
forward a general form for the potentials ^^"(2^0, 2;), j — 1, 2, . . . 

Proposition 4.1. For j = 1,2, . . . one has 

271 A J {xq,x) = Uj {xq ,r'^)- arctan — + Vj (xq , ) In J x^ + + Wj{xQ,r'^) 

T Xq 



with 



and 



and 



^J2k\XQ,r ) — U^f. Xq + ^^2fe ^^0 I + "2*;'^ ^0 

2k-2 



TT , „2\ _ 2k 2fe I 2fc-2 2 2fe-2 I . i ,,0 „2fe 

'J2k+l[.XQ,r ) ^ U^k^lX^ +W2fc+1^^0 ^ ^^2k+l^ 



V2k{xo, r-) = v^^^^xf-^ + vll'\^xf-' + ■■■+ v'.y'^-^ 

T/o, r-ro T-^N 2fe~l 2fe-l , 2fe-3 2 2/C-3 , ,1 r^k-2 

V2k+i\XQ,r ) — v^^^^Xq +^^2fc+i'^2;o + • • • + ^'2fe+i'^ 2:0 



W , (t r'^ ] - ,„2'c-2^2fc-2 , 2fe-4 2 , , „2/c-2 

yy2k[Xo,r ) — W2f. Xq +^2k ^ ^0 + +W2k^ 

tjr I 2\ 2k-l 2fe-l I 2k-3 2 2k-3 , , 1 2k-2 

W2k+i{xo,r j^w^k+iXg +W2k+ir Xq + ■ ■ ■ + w^k+iT Xq 
all the coefficients u^j., U2j.j^i, v^f., ^'2fe+i' ''^2k '^^'^ '^2k+i ^^^1^9 '"go/ constants. 
Proof 

The proof is similar to that of Proposition 3.1. The harmonic potentials Ai{xq,x) and ^2(2:0,2:) 
computed above, fit into this general form. Now we will show that it is possible to determine 
unambiguously all the coefficients in the expression of Aj [xq , x) in terms of the coefficients in 
Aj-i{xQ,x). To that end we impose on Aj{xQ,x) the following two conditions, in line with its 
definition: 

dxo{'^i^Aj{xo,x)) = 27rAj_i(xo,x) 

and 

lim {2T:Aj{xQ,x)) — 2Traj(x) 
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In the case where j is even, say j — 2k, this leads to the equations 

d^,U2k = U2k-i (4.2) 

d^,V2k = V2k-i (4.3) 

- U2k + xoV2k + {xl + r^) d^,W2k = {xl + r^) W2k-i (4.4) 

w^fcr^'^-^ Y^^^ i«°fcr2'=-2 ^ 27ra2fe(x) (4.5) 

From (|4.2p all the ti2fe-coefBcients may be determined as 

while from (|4.3p all the z;2fc-coefficients, except w^fei follow by the similar relation 

The coefficients Wjfe ^'^d lOj^ follow from (|4.5p and all the other W2fe-coefficients follow recursively 

from the system of equations (|4.4p . The last equation in this system can be used to check the value 

of^'2°fc• 

In the case where j is odd, say j = 2fc + 1, the similar equations read 

d^,U2k+i = U2k (4.6) 

d.,,V2k+i = V2k (4.7) 

- U2k+i + xoV2k+i + (xl + r^) d,,W2k+i = [xl + r^) W2k (4.8) 

and 



^A^+ir^''-^ = 2T:a2k+i[x) (4.9) 



TT 

2 

From (|4.6p all the U2fe+i-coefficients, except u^fc+i' determined as 

^2fc+l — j ^2k 

The coefficient u^/c+i fohows from ()4.9p . From ()4.7p all the W2fe-coefficients follow by the similar 
relation 

^2fe+l ~ ^- ^2fe 

All the W2fc+i-coefficients follow recursively from the system of equations (|4.8p . and the last equa- 
tion in this system can be used to check the value of W2fc+i- D 

Remark 4.2. It is obvious that solving equations ^4-5^ and ^.9\ l requires the knowledge of the 
distributional boundary values aj{x),j = 1,2, .. . There holds (see 12J) 

and ^ ^ 

a2kix) = -(a2fc-2lnr + /?2fc-2) ^^^^^^,, r^'''^ {k = 1,2,...) 
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where the coefficients a2k md (32k o,fe defined recursively by 

R - 1 1 4fc + 5 

'^'*+' 2TT2k + 2^^^'' (2fc + 2)(2fc + 3) ""'^ 

wii/i starting values ao = ^ and /3o = 0, leading to their closed form 

= ^ofe.o and /32fe = 



k = 0,1,2,.. 



Now by Proposition 4.1 all the upstream Aj-potentials may be calculated recursively. Using the 
shorthands 

1 r 



QUAT = - arctan — and LNSQ = In J xi + r^ 
r xo * 

the outcome of our calculations is the following: 

2nA3{xo,x) = ^{xl - r^)QUAT + -xqLNSQ - ^xo 

ZTT TT ZVr 

2nA,ixo,x) = ilxl - l^r^xo)QUAT + (i-.g - lr^)LNSQ - + 
2.A,ixo,^) = (^4 - ^-^-^ + + (^-0 " ^r^.o)LiV^Q - ^xl + ^r^x, 

2.A,(.o,^) = i^^xl - ^^r^xl + ±^r^x.)QUAT + (^^ " ^^^^^ + 1^^^^)^^^^ 

-xt + ^r^xl^Jl-r^ 



14407r ° 7207r ° 72007r 
Note that once an upstream ^j-potential is determined, the i?j_i-potential follows readily by 

{-d)Aj{xo,x) = Bj_i{xo,x} 

5 Conclusion 

The problem of generalizing, within the framework of Clifford analysis, the holomorphic function 
In z in the upper half of the complex plane to a monogenic logarithmic function in the upper half 
of Euclidean space Rm + 1+, led to a doubly infinite chain of monogenic and conjugate harmonic 
potentials or primitives with the Cauchy-kernel as a pivot element (see [T]. Their distributional 
boundary limits in K™ turned out to be the fundamental solutions of positive and negative integer 
powers of the Dirac operator d_ and the Hilbert-Dirac operator, i. e. a convolution operator with 
kernel dH^ H being the multidimensional Hilbert kernel (see [8]). These operators are special 
cases of the operators and defined for the complex parameter /i G C (see [?, E]). Those 
results depend, quite naturally, on the dimension m of the Euclidean space considered. There is 
the traditional phenomenon in Clifford analysis that the parity of the dimension has a substantial 
impact, one could even speak of an even and and odd world with diverging results. Next to that 
there is the problem that for specific dimensions m = 2 and m = 3, which are in fact the most 
important dimensions with a view on application, the general formulae are no longer valid. Both 
cases need fresh ad hoc calculations, and the obtained low dimensional results are reported on in 
the underlying paper. 
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